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ARBSTRACT

This paper deals with the LG (Lincar Quadratic} oplimazation problem suhject to differential alachraic
systems, The main aim of this paper is 1o find the optimal control-stane pur for such problem. Ry
transforming the ditTerzntial algebraic svstent into o Wetcerstrass-Eronecker canunical reprentation. the
LOQ optimization problem can be classified inlo wo types. e the LO) eptimization problem subject 1o
proper systems amd the LO) optimization problem sehjoct o nenproper systems. The process of finding
the soluticn of ecach prohlem is freated separately. By a certain conditlion, the singulur L) problem for
both proper and nonproper systems are transformed ot the scandand L optimization problem, Wa
solve both L0 optimization problems using elassical optimal control theory.

Kata Kunci: Differential aloehraic sysien, L aptimizasion, Weierstrss-Kronecker cinonical
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L INTRODUCTLION :

We consider the problem of minimizing the performence indes
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subject o the folluwing differential algebruic system
Exil=duli )+ Beirl, Exid=r,. 0= /
B =i+ L)
where ¢« ' denotes the state variable, & e &' denotes the control fnput] variable, and = B denotes
the cotput variable. This problem is often well known us the LQ problem subjest o differential

algebeaie system [2-5]. Here the matrices £, 4 B™ | 22 B™, Co B 0e 79 are time iTvATIRNE,

ranklEY=p < n, and

rs
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For simplicity, dencte the ahove 1.0 optimizetion problem as 7,

A fundamental question need to be answered conceming the existence and uniyueness of the
optimal contral-state pair (v, w") for the problem T, i under what conditions does there exist
niguely the optimal control-state pair (27, o712 For the case iz which 0700 and e (55 = Al 20 for
somes = 3. has been alremly answered exhaustively in [2,56.7] In the papers [4.5] Muller
distinguishes hetween propemess and non properness of the differential aleshraic svalen.

To the best of the suthor’s knowledge, not much work has been reported for the case £ D20 thus
It has remained open and motivates our present work, Nonetheless, the paper from Zhu éf of [3] & of
nterest 1o consider. It solves the case in which the differential alecbraic system need not reaifar and
the output vestor dees not depend oninput, using the singolar value decomposition appreach. [noahke
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present paper the problem 10 be solved consist of constructing an optimal pair (7. oy which
minimizes (2] having regant 1o the dvnamic sestem (1), for the case in which D7 0=0 and
det(sE~ A1z 0for somese B, Unlike [3-4], here we use Woelerstrass-Eronecker canonica
reprosentation approach for the differential algebrase svstem (2),

L. TERANSFORMASI OF THE PROBLEM

To discuss the solution of TT we use the Weierstruss-Kronecker canonicul representation for the
difterentinl algebraic system (21 [3-7] It is well known that under condition detivE - 4) =0, there

exist the ponsingubar matcces Lo M 2 B such tha
: B
Le =|
o

Aceordingly, ler
(40 "8 v
LAM =| fra=on=| 'l o=l g, v_[ %
KLU e &, s

g f
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where A T, B eR™ 8, e B, € 2"\ C,e B x e F" and x, eE7. ¥ is a nilpotent
miateix of index §(le. N =0, ¥ 20 ) defining 1he index of the differential algebraic system, By the
trunstormation {31, the performance index (1) can be rewritten as
. , -'”r-ﬂ.'r{.] 'L..n (& ':."n':' | " x 'l
.-rl:.'r..'.'l..'.':_l=f ol |GG CiG CiD| [l 4y
vl ) | DI DT, oTE| o)
and the differential algebruic system (2) becomes: .
0= dx e B, iD=,
M=o By adt) (5
wirh = Cor L+ 0w = Dafi)
where x, =0 UpLx, Mow we must minimize (2) suhject 10 the system (51, The selution of the Grst
differentizl cquation of the svstem (51 15 easily obained in the classical manner, meanwhile the
solution of the second equation of (3} is grven

d -1

== N M (&1

where o'ty denotes " derivative of w(r). One can seg that o, generally depends on the higher order
tiene dertvatives of contral which 5 & very unusuzl bebavior and must be regarded very carelully. In
the tollowing we distimguigh the two cases where the solution depands either only on w06 but not on s
decivatoves @ G @™ o on i) and its derivatives o, @M

Definition 2.1 Spstest (1) Js fermed ag proper ( ils soletion depends only on it} b not on it
dertvarives i " Otherwise dhe sesten iy ronproper,
Base on definifion 2.1, o crterion for properness 15 derived mmediaredy,

Lemma L1 The differentiol algeboaic sovten (20 i peoger i and only i NB, =0 feld,



Sluhnlzan

Preszling Seminar dan Kapar Tahuean RXS-FTH Wilives Bor b2
L= 1] Mlai 20040

TREM, N NN

The eptimization problem of TThas o be performed in accordance to the properness and non
properness of the differential algebruic svstem and so two different optimization prablems have to be
considersd

3. LQ OPTIMIZATION PROBLEM SUBJECT TO PROFER DIFFERENTIAL ALGEBRAIC
S5YSTEM '

[f %8 =0 ther the selution of fhe second equation of (37 iy

= =8 i ) M
Crenting the transformation
L T SRR B D,
58
ety |- ¢ -8, (3]
| 3 o (R TL
L) il i ;

and replace (8) mnto the performance index (4] and the system {3}, we have the standand L)
oplimization problem which minimize the performance index

AN T e
Sl %] = [ J T 7 | k]
it J: 2 ["_J': 2yl |“II (3}

1 r

sibject 10
sEAx AR i) -,

v= 0k (=0 4 D,
where @, =C7C. @, =CD-C8), @, -[0-C8 ) [0-C.#&,), Denote this L& problem asTT, .
According to the lincar optimal control theory for standard state space svstem [1], the peoblem has =
inigue selution if the system (10} is controllable and the mutrix £, is positive definite.

{1}

Theorem 3.0 Q. iy pasitive definite i and onfy o rank (€ Dy =r.

It the theorem 3.0 holds and the svstem (140 is controllable, one can sec that 11 (s 2 unique optimal

control-state pair (v .0, 1

a =—fx, (11}
where v, satisfies
o= =K. vl =a,, (12
with & =@ (2 + 8 P, P s aunique positive definite soletion of Riccat differential equation
P=—Pd ~ BOZOL - 14 - BOION P+ PROLE P -0, + 0.0500 (13)

with the terminal condition P =10,

Theorem 3.2 IF MO, - Ugnd tank (O Di=r. fhen the LO optivization profless T bas a witlgie

apimal control-staie pair,

Proof. Lel the hypothesis hold, then the optimal selution of 1, is given by 1 1= 130 Substituting (113
into (B) and using 3} then the unique optimal control-state pair (p", ') of ITis

{1 -
- 8.8 {5

Eai u:-‘l _1-,. | Moo | el A ' .
'||= {:l lr |L‘_.[U ll' | |:| _.'E_: |—:|:::J‘.' l.:l ' | = I
-\.lll i ; l_,l_k ||'I-. ", [ Ik“—u _|| .-I% g '-'k .I'l: |
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4. L} OPTIMIZATION FPROBLEM SUBJECT TO NONPROPER MFFERENTIAL
ALGEBRAIC SYSTEM

For the nonproper problem we need an extension of state and contrel virables to deal correctly with
the influence of the time derivatives of the contral input. Let

L R R B = s gt {143
then (6] is replaced by
i, == —NE oy, =N B - Ny, N w= -0 Byx - N w flj_l
wlcre
rowlxl w opliad gF
and

B, ={8, N8B N'BNYIEY
Here s i-considered a5 a0 new control vector. Create the reansformation

7 R R L SR i | 0 e R R A Ee
| gl=l 0 -8 -NE - —NU _NTE ]'— TS |— N, 1L-J [1&)
S R L r, 0 L5 1 W LR e | .-"I- X
where [, =i/ 0 o 00 Substituting [ 16) inte the performance index (41, we liave
Jbive= J' . 1| [ G || 5 ].;-.- : (17)
A Wy el
where
':-..lr':-hl ! _'Tlr':_-ﬁ: il "I-'-I:r o )
gl- i | 2
- BICTC + 1 D | (G CB, -, VOl - (C.B) 0, + (D ¥ or,
; - CTCN' g,
EI:‘ = - I
-.':':'.: Er: ]r':I:-'TL-IE.‘ = 'I:'I"I-.u F' C‘.'""“-I‘['!! .-
anid

Chy = I:-l:.: "I".J-IH: ]rlnr':':-"":l-l‘?:'.l'
Mernwhile, using { 16) the first znd the third equations of the svstem (5) can be extended as
L= A w0 By, ow =

—~ ~ k-l (12
FEV =k A =0 AT TR ) g

where
(4 B W D) ‘g
0 B T d :
P B e R G B T o o
i R JI'
L | | I L

Now we arrive al the new standard L) optimization problem whicl minimize {17) sulzject o | 18)
Actuslly, when rank (878, ) = » then we will have . =0, bat in fect, singe N isa nilpotent matris
then rank (N8, b e, Thereby it is obvious that we arvive al g stendard singular LQ problem with
respect to variables v amd w. Henceforh, the two Kinds singuler LO problems must be solved, ie. the

cases in which @, =0 (lotully singular) and, £, = 0 {panially singular]. Here we only restricl the
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discussion lur the case b, =0 [wotally singular). meanwhile for the case &= Dipartially singular)
will b2 discussed in the future work. By the assumption CNEB =0, we will solve the tatally singular
L} optimization problem with performance index

Flise:)= I wl i 19
mn
Therefore. taking the following transtormation:
idt=xift—Fn, and wli= J-'-L[r‘h:f:'. (20

inid substituting (20} into (18 and (195, we have the L opumazation problem which minimize
L'_,I‘“ﬂ._ ] l'_.\, ] i
] (21

Jr’?-'_“+3““]Qr:'“‘!”“'lr'.[lal||.-_:'.ﬂ1 a8 L)
L ! .I||.-rlr.-'

q

sibject o
i=Az+ A 80, A=y, -8,

= Oz Eﬂ. n
and denme this LG problem as 7. One can see thal when 8 0 i is positive definite and the svétem
(22115 controllable then with the tool of lirear eptimal control theury, [T, has & unique oplinal control-

(22

stare pair (7,270

p=-Kz 125

wiiere =7 satisties
=i, -4 B Kz, s(=x, -85, (24}
with & =¢8,0, 8 780 + B AP, F s the unique positive definile solution of Riceati differcatial

IH]I:L.'HI-:Ir'l
P=—Pid — A 880,870, 8) 1-14 - ABBQENT Y

\PAB B0 BYNABYF-0, +0 R8T, 8 10 8
with the termingl condition By y=10,

{23}

Theorem 4.1 [ O8N B =0 then the L0 optimization prodlenm L1 ks & unigue  aptimad costrod-
Kl phiir,

Proof. When the hypotheses holds then he optimal solation of 7. i given by (233-{25). Base on {20}
and {217, we have

| r prid =i [ oy
L5 |5
" |= , [26)
) L il ! I._'.l' 1
and substituting (26] into {16} we obtain
¥ et I - E—
'I.'. I [ (T Focpiay + 8K | 0] . .
o=l 0 -8 - _-'-.-""ﬂ: s J i3
...,IIII_.I l:'l "I 1] {:l .-|'- r'l | 'I'.'..w

Fnce o= 14| | then the unique optimel control-state pair (¢ .47 of 17 is
X

WrE
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5. CONCLUSION

We have selved the singuler LG optimization problem for differential algebraic system and obtain the
explicit Torm of the comrol optimal-state pair of the problem. How to solve the LC} optimization
problem for nonproper differential algebraic system of the partially singular cass is an open question.
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